Abstract. This article provides a brief history of the life, work, and legacy of Max Dehn. The emphasis is put on Dehn's papers from 1910 and 1911. Some of the main ideas from these papers are investigated, including Dehn surgery, the word problem, the conjugacy problem, the Dehn algorithm, and Dehn diagrams. A few examples are included to illustrate the impact that Dehn's work has had on subsequent research in logic, topology, and geometric group theory.
INTRODUCTION. It is now one hundred years since Max Dehn published his papers On the Topology of
and On Infinite Discontinuous Groups (1911) [10] . At that time, topology was in its infancy. Group theory was also new and the study of general infinite groups had only just begun. Dehn's papers mark the beginning of two closely related research areas: the study of 3-manifolds in topology, and the study of infinite groups given by presentations in algebra. In these papers, Dehn brought together important ideas from the late 1800's concerning hyperbolic geometry, group theory, and topology. These papers are beautifully written and exhibit Dehn's gifted ability to use simple combinatorial diagrams to illustrate foundational connections between algebra and geometry. In the years since Dehn's passing, mathematicians have gone back to these two papers again and again to draw motivation and inspiration. This article is written as a celebration of these two papers and of Max Dehn's influence on one hundred years of mathematics.
Over the last century, Dehn's ideas have touched many areas of mathematics. There are connections between Dehn's work and early work in logic. Dehn's research motivated concepts in combinatorial group theory and low dimensional topology. Even decades after his death, Dehn's ideas have influenced recent research in geometric group theory by Mikhail Gromov, William Thurston, and others. Such a survey necessitates a need to mention precise mathematical results and use some advanced mathematical terms. Readers who have taken a course in group theory and one in topology will be familiar with most of the terminology. However, a student who has completed only an introductory course in algebra could understand many of the main ideas and will learn some recent mathematics history.
In a paper of this length, there is not room to give more than a sketch of most of the mathematics. An attempt has been made to illustrate the main ideas with simple examples and figures. References are given throughout the article for readers interested in more detailed mathematics background. Many of these are written at the advanced undergraduate level. General references are also provided to more advanced research and mathematical history texts. It is hoped that this article will only be a start and that readers will use the references to further their own investigation of Dehn and his legacy.
Moses Dehn, was a physician. Dehn's eldest brother became a distinguished lawyer, his other brothers went into business or traveled, and one of Dehn's sisters played violin in the Hamburg Opera orchestra. Dehn's early family life instilled in him a lifelong respect for the sciences, education, and the arts. Dehn attended gymnasium in Hamburg, then began his university work in Freiburg before moving to Göttingen. By the age of 21, with the dawning of a new century, Dehn was finishing his education and was beginning his career in mathematics.
Dehn received his doctorate in 1900 at the University of Göttingen working with David Hilbert. This was the year that Hilbert delivered his famous speech at the International Congress of Mathematicians, in Paris, and presented his list of problems for the next century. Geometry had been in turmoil a century earlier, when hyperbolic geometry offered an alternative to the Euclidean axioms. This put into question what had seemed basic geometric assumptions and motivated a closer look at the foundations of geometry. But by the time of Hilbert's speech, mathematicians were putting geometry, and all of mathematics, on the more rigorous foundations of set theory and modern logic. There had been great successes. Our understanding of geometry during the 1800's had grown from a simple Euclidean perspective to the more abstract and modern perspectives of mathematicians like Bernhard Riemann, David Hilbert, and others. Hilbert's speech marked a time of great pride and hope in the mathematics community.
A year earlier, in 1899, Hilbert had published his text book Foundations of Geometry [31] , in which he provides a modern axiomatization of Euclidean geometry. Hilbert's system includes 20 axioms (21 in the first edition). One of Hilbert's axioms in particular would have caused concern to Euclid and other ancient Greek philosophers. The Archimedean axiom relies on a modern perspective of infinity that the Greeks (other than Archimedes) did not accept. A simple version of the axiom is that, given two lengths, a and b, in the geometry, there is a natural number n ∈ N such that na > b. This implies a type of actual infinity that the Greeks did not accept. Dehn's first two results are important historically because they point out places where this concept of infinity is needed.
For his thesis in 1900, Dehn showed that, in Euclidean geometry, to prove that the sum of the angles of a triangle does not exceed 180 degrees requires the Archimedean axiom. Note that Dehn had not only shown that there is a proof using the Archimedean axiom, but more importantly, that any proof of this theorem must at some point use the Archimedean axiom; the other 19 axioms will not suffice. Using modern logic and Hilbert's axioms for Euclidean geometry, Dehn had answered a question from antiquity. Dehn had shown that even some of the most seemingly obvious facts about Euclidean geometry require the modern concept of infinity, which the ancient Greeks did not embrace.
The following year, for his habilitation at the University of Münster, Dehn became the first to solve one of Hilbert's famous problems. Dehn solved Hilbert's third problem by showing that the Archimedean axiom is logically needed to prove that tetrahedra of equal base and height have equal volume. Note that the corresponding problem in two dimensions is easy and was known to the ancient Greeks. The formula for the area of a triangle is easy to prove geometrically by dissecting the triangle in a finite number of straight cuts to form a rectangle with the same base and one half the height of the original triangle. The proof that the area of a triangle is A = 1 2 bh does not require the use of any infinite process or, therefore, the Archimedean axiom. The volume of a tetrahedron has a similar simple formula, V = 1 3 bh, where b is the area of the base and h the height. Essentially, Hilbert's third problem asked if the proof of this volume formula requires some kind of infinite process. Dehn proved that the answer is yes. To define Poincaré's fundamental group of a space, first pick a base point in the space, x 0 . We will assume the space is path connected, so that the choice of x 0 is inconsequential. Now consider the set of paths in the space that begin and end at x 0 . We define two paths as equivalent if one path can be continuously deformed into the other while keeping the endpoints fixed at x 0 . (This deformation is called a homotopy and the two equivalent paths are said to be homotopic.) The group elements are the equivalence classes of paths. The product of two paths, a and b, is the path that follows a first and then follows b. For example, on a sphere, all paths can be deformed to the base point x 0 . Thus there is one equivalence class of paths and the fundamental group is trivial. However on the torus, where paths can not be continuously deformed across the hole in the middle or the interior of the torus, the fundamental group is Z × Z. For more information on fundamental groups see [37] or [48] .
Homeomorphisms play a key role in topology. A homeomorphism is a continuous function that is invertible and has a continuous inverse. In topology, two spaces are considered equivalent if there is a homeomorphism mapping one space to the other. In this case, we say the spaces are homeomorphic. Manifolds are one of the most important types of spaces studied in topology. An n-manifold without boundary is a space that satisfies two properties. First of all, it must be a Hausdorff space. This means that for any two distinct points, x and y in the space, there exists a pair of disjoint neighborhoods such that x is in one and y is in the other. The second property is that each point has a neighborhood homeomorphic to an open Euclidean n-ball. That is, in at least some small neighborhood of each point, the space looks like Euclidean n-space. The Möbius band is an example of a 2-manifold with a single boundary component.
A surface is a 2-manifold without boundary. A surface is said to be orientable if it does not contain a homeomorphic copy of the Möbius band. An important problem in topology is to classify the n-manifolds up to homeomorphism. By the late 1800's mathematicians understood the classification for 2-manifolds. For example, they knew that the closed orientable surfaces are homeomorphic to a sphere, a torus, or a shape that looks like a multiholed torus. The number of holes, g, is called the genus of the surface.
Of particular importance for Dehn were the connections Klein and Poincaré made between hyperbolic geometry and the fundamental groups of closed orientable surfaces, or the surface groups. In his papers of 1895 and 1904 [41] , Poincaré had already established a deep understanding of this connection. Poincaré understood that a surface of genus g > 0 could be represented by a 4g-gon, with a specific gluing pattern on the edges. Copies of this 4g-gon can tesselate a Euclidean or a hyperbolic plane. In the case of the torus (g = 1), the tessellation is the standard square tiling of the Euclidean plane. For all other values of g > 1, a hyperbolic plane is required.
The elements of the surface group act on the hyperbolic plane by translations that map the net of 4g-gons onto itself. In modern terms we would say that the surface group acts freely on this hyperbolic tessellation by translations. In 1904 [41] , Poincaré understood that the hyperbolic plane is the universal cover for this group action. The details are more than we have space for here. The point is that Poincaré had already noticed this deep connection and that Dehn had knowledge and respect for Poincaré's work. Figure 2 illustrates Poincaré's ideas for a surface of genus two. The figure includes the fundamental group generators, the associated octagon, the hyperbolic tessellation, and the group Cayley graph.
DEHN'S CAREER BEFORE WWI.
Dehn's work helped to direct and establish topology as a discipline in its earliest years. With co-author Poul Heegaard in 1907, Dehn published the first comprehensive article on topology (known at that time as analysis situs) [20] . The article appeared in the German Encyclopedia of Mathematical Sciences. Their article contained the first rigorous proof of the classification of surfaces. Both Möbius and Dyck had published incomplete proofs years earlier. It should be noted that in their paper, Dehn and Heegaard had assumed that all surfaces can be triangulated. This fact was not actually proven until years later by Tibor Radó [43] . The triangulation assumption led to the kind of combinatorial cutting and pasting argument that exemplified Dehn's style.
Dehn's mathematics was at a peak during the years 1910-1914. During that time he published a series of papers that pulled together diverse ideas in group theory, geometry, and topology. These papers are steeped in the ideas of Dehn's contemporaries. Dehn's contribution was his ability to bring these ideas together to form a comprehensive program and to provide tools and techniques for future study. Dehn's 1910 Dehn's -1914 papers have been translated into English by John Stillwell [19] . These translations, from 1987, include Stillwell's notes on the historical context and the modern significance of Dehn's work.
As Dehn's earliest work had reached back to geometry of the past, Dehn's work during this period would reach forward, asking questions that would occupy the thoughts of mathematicians for the next hundred years. In particular, two of Dehn's papers from this prewar period stand out as some of the most important works of the last century. Dehn's 1910 paper, On the Topology of Three-Dimensional Spaces [9] , marks the beginning of the search to classify 3-manifolds. Dehn's 1911 paper, On Infinite Discontinuous Groups [10] , began the study of infinite groups given by finite presentations.
Dehn's paper of 1910 provided the first steps in a comprehensive program to study 3-manifolds. Only a few years before, Dehn and Heegaard had presented their proof of the classification of 2-manifolds. Dehn's 1910 paper marked the beginning of a program to find a similar classification of 3-manifolds. Several of the ideas and techniques from Dehn's paper have continued to play an important role in the study of 3-manifolds even to this day.
Early on, Dehn recognized the importance of knot theory in the study of 3-manifolds. A knot is a simply connected closed curve in R 3 . That is, a knot is a curve in R 3 that begins and ends at the same point, but otherwise does not intersect itself. We are concerned here with what are called tame knots. These knots can be realized as simply connected closed polygonal curves made up of a finite number of line segments. This restriction eliminates wild behavior that would result in a knot with infinite tangling.
In his 1910 paper, Dehn introduces a technique now known as Dehn surgery. This is a process that can be used to generate new 3-manifolds from old ones. The process involves drilling a knot out from inside a 3-manifold M, more accurately, removing a tubular neighborhood of a knot from M. This increases the boundary of M by adding an additional boundary component T . Note that T is equivalent to a torus surface. Now glue a solid torus back into the empty space left after removing the knot from M. Essentially a solid torus is being removed from M and another is being glued in its place. However, the second solid torus is glued in so that the meridian of its surface is mapped to a nontrivial simple closed curve (other than the original meridian) on T . Think of this as twisting the solid torus before it is glued in place.
An important result from Dehn's 1910 paper has to do with homology theory. In his early work in topology, Poincaré had developed homology theory as a tool to help distinguish manifolds. If a manifold can be given a certain type of "cellular decomposition," then Poincaré could associate a list of numbers to the cellular structure. He was able to show that these numbers were independent of the specific cellular decomposition and were the same for homeomorphic spaces. (This work generalized earlier works of Leonhard Euler and Enrico Betti.) In the modern point of view, Poincaré's numbers are associated with a list of Abelian groups called the homology groups for the space. Although Poincaré knew that his homology theory would not distinguish all manifolds, early on he thought that it could be used to identify the 3-sphere. (The 3-sphere is the set of points in R 4 that are exactly one unit from the origin.) In a paper from 1904 [41] , Poincaré found a 3-manifold that (in modern terms) had the same homology groups as the 3-sphere, yet had a nontrivial fundamental group, and thus was not homeomorphic to the 3-sphere. Today, a 3-manifold that has the same homology groups as the 3-sphere, yet has a nontrivial fundamental group, is called a homology sphere. In his 1910 paper, Dehn used his surgery to create an infinite set of examples of homology spheres. Before Dehn's work, only Poincaré's original example was known.
It should also be pointed out that in the 1904 paper mentioned above, Poincaré makes his famous conjecture. Poincaré had shown that homology theory could not distinguish the 3-sphere. He then wondered if homotopy theory and the fundamental group could be used instead. The Poincaré conjecture asserts his conviction that the fundamental group is sufficient to distinguish the 3-sphere. That is, Poincaré conjectured that if a 3-manifold has a trivial fundamental group, then it is homeomorphic to the 3-sphere.
In his 1910 paper, Dehn made important connections between group theory and topology. In this paper, Dehn uses Poincaré's fundamental group to study knots. Notice that every knot is homeomorphic to the unit circle. Therefore to a topologist, who sees homeomorphic things as equivalent, the knot itself is not very interesting. What distinguishes knots to a topologist is the space around the knot, called the knot complement. To construct the complement of a knot, start with the knot embedded in R 3 . Remove from R 3 a tubular neighborhood of the knot. The 3-manifold that results is called the knot complement. For any given knot, the associated knot group is the fundamental group of the knot complement. In the 1910 paper, Dehn proved that any nontrivial knot has a noncommutative knot group. To prove this result, he used a lemma now known as the Dehn lemma. Dehn's proof of the lemma contained a gap that went undetected until 1929 when it was noticed by Hellmuth Kneser. Kneser informed Dehn of the problem and the two corresponded but could not fix the proof. A correct proof of Dehn's lemma was finally given by Christos Dimitriou Papakyriakopoulos in 1957 [40] .
In his 1911 paper, On Infinite Discontinuous Groups, Dehn developed a comprehensive perspective for studying infinite groups given by finite presentations. A presentation is finite if both the set of generators and the set of relators are finite. Dehn had seen that infinite groups frequently come up in topology. For example, the surface groups are infinite and the fundamental groups of the homology spheres are infinite (except for Poincaré's original example, which has order 120). Dehn realized that a study of infinite groups was needed.
In the 1911 paper, Dehn presented the word problem, conjugacy problem, and isomorphism problem for groups given by finite presentations. He actually considered these problems in his 1910 paper and would address them again in 1912. However, the 1911 paper is where Dehn lays out his general program. The term word is meant to indicate a finite string of generators and inverse generators. Notice that, if we were to perform the group operation, each word corresponds to a specific group element. However, each group element corresponds to infinitely many words. The empty string is included as a word and corresponds to the identity in the group. Simply stated, the word problem for a group (given by a presentation) asks for a process that can determine, in a finite number of steps, if a word represents the identity in the group. A solution to the word problem is an algorithm that can take as input any word and determine whether or not it is equivalent to the empty word. The algorithmic nature of all three of Dehn's problems foreshadowed and motivated ideas in logic and complexity theory that would emerge a few decades later.
In more modern terms, Dehn's word problem asks whether the set of words that are equivalent to the identity is a recursive set. This is about the simplest question one could ask about a group. Can we recognize the identity? The conjugacy and isomorphism problems are similar in nature. Both ask for algorithms to answer fundamental questions about group presentations. The conjugacy problem asks for an algorithm that can determine if two words represent conjugate elements in the group. The isomorphism problem asks for an algorithm to determine if two presentations represent the same group.
If one is considering Poincaré's fundamental group of a topological space, then the word and conjugacy problems correspond to questions about the space. The word problem corresponds to determining whether or not a loop in the space can be continuously deformed to a point; that is, is the loop homotopic to a point? The conjugacy problem corresponds to determining whether or not a pair of curves in the space can be continuously deformed to each other; that is, are the curves homotopic? Over the last century, the word, conjugacy, and isomorphism problems have become a centerpiece in the study of groups given by presentations.
One of Dehn's great insights was to use geometric properties of the Cayley graph of a group to answer algebraic questions about the group. By considering each edge in the Cayley graph as an unit interval, the Cayley graph can be given a metric. This is known as the word metric. The distance between two vertices (or group elements) is the shortest edge path between the vertices. Note that this path will be labeled by a word, that is, a string of generators and inverse generators. (Traversing an edge backwards corresponds to an inverse generator.) Thus Dehn had found a distance function for the group. The distance between two group elements is the length of the word that labels the shortest path between them in the Cayley graph.
Dehn was also able to find a kind of area function for a group. As Dyck's work made clear, any word equal to the identity in the group must be the product of conjugates of relators for the group. Dehn found a combinatorial diagram that represented this fact (known as a Dehn diagram, van Kampen diagram, or small cancellation diagram). This diagram is planar, simply connected, and made up of smaller regions that are each labeled by the group relators. The boundary for the whole diagram is labeled by the word that is equivalent to the identity. this loop is the minimum number of regions needed to construct a Dehn diagram for the word. Or put more algebraically, this says that a word equivalent to the identity encloses an area equal to the minimum number of relators needed to write the word as a product of conjugates of those relators. Dehn had found a way to relate the algebraic structure of words and group elements to the geometric structure of the group's Cayley graph. (For more details, see [3] , [34] , or [36] .) An important result in Dehn's 1911 paper is the solution to the word and conjugacy problems for the surface groups. These results actually appear in three of Dehn's papers at this time. The earliest proof relies more on hyperbolic geometry and his final proof is almost entirely combinatorial. Dehn's proof uses the tessellations of the hyperbolic plane studied by Klein and Poincaré. With the concepts of distance and area defined above, Dehn was able to relate the algebraic word problem to the geometry of these regular tessellations. Using hyperbolic geometry, Dehn proved that, for the surface groups (of genus 2 or more and given by the standard presentation), any nonempty word equal to the identity can be converted to a shorter word also equivalent to the identity. In fact, Dehn showed that if a nonempty word is equivalent to the identity, then the word must contain a subword that is more than half of a relator. By replacing this subword with the inverse of the shorter half of the relator, the word can be shortened and will still represent the same group element. Determining if such a "shortening" exists can be done in a finite number of steps. Thus Dehn had found a solution to the word problem. Take a word; determine whether or not it can be shortened. If it can be, then shorten it. Now check if this shortened word can again be shortened. Since the original word had only finite length and each step shortens the word, this process must end. If the word represents the identity, then this process will end with the empty word. If the process stops at a nonempty word, then the original word does not represent the identity. Today any solution to the word problem that guarantees words are shortened at each step is called a Dehn algorithm.
In another paper, from 1914 [12], Dehn returned to the study of knots. Again he was able to translate topological problems to algebraic questions by studying the knot group (i.e., the fundamental group of the complement of the knot). By analyzing the geometry of the Cayley graph for the trefoil knot group, Dehn was able to prove that the right and left trefoil knots are not equivalent. Two knots are equivalent if there is a continuous deformation of R 3 that takes one knot to the other. Furthermore, at each stage the deformation must be an embedding of the knot in R 3 . Intuitively, this means that, in R 3 , one knot can be deformed to the other without ever breaking the knot or passing it though itself. Knot theorists call this type of deformation an ambient isotopy.
As 
DEHN'S CAREER AFTER WWI.
Over his career, and particularly in his later years, Dehn's professional goals seem not to have included personal recognition, as much as to further the progress of mathematics. Every account of Dehn by former colleagues and students portray him as a kind and generous individual. The papers discussed above not only brought together many diverse ideas of the time, but also helped to direct further studies. There are several examples of mathematicians (such as Dehn's students Magnus and Nielsen), who after providing a proof for a given result, give credit to Dehn for having a previously unpublished proof.
Carl Siegel, an analytic number theorist, has written a wonderful article about the History Seminar that Dehn led from 1922 until 1935 [47] . Siegel was a colleague of Dehn's during this time. For the seminar, students and faculty met to read and discuss historical works of mathematics. The participants read (in their original, or oldest known, texts) the works of Archimedes, Ptolemy, Descartes, Kepler, Riemann, and more. Siegel describes this time in Frankfurt as a kind of mathematical Camelot. The city of Frankfurt was rich with culture and layered with beautiful gardens. Dehn is reported to have been an amateur naturalist. He preferred the socratic method of teaching. On occasion he gave his lectures while taking his students through the local botanic gardens. Each semester, Dehn led hikes for faculty and students in the nearby mountains. Siegel and others have described Dehn as a true scholar of everything. Dehn knew several languages (including Greek and Latin) and he loved and studied music and the arts. Dehn knew the classics well and had a deep knowledge of ancient philosophy. According to Siegel, Dehn's time in Frankfurt had its wonderful moments; however, things would change.
As a German of Jewish descent in the first half of the 1900's, Dehn's life was greatly affected by the turmoil of the two World Wars. Dehn served in the German Army in WWI. He lived through the rise of the Nazi Party. In 1935, Dehn was forced by the Nazis to resign his position as Chair of Mathematics at Frankfurt. Nearing the end of his career and sure to lose his pension and property, Dehn was reluctant to leave Germany. By this time he had sent his children to study in England and the United States. Dehn was arrested the day of Kristallnacht (November 10, 1938) . However, he was released that night by the Chief of Police because "the jails were too full." The next day the Dehns began their escape to Norway. In Norway, Dehn was able to take a vacated position at the Technical University in Trondheim. However, in 1940, when the Germans invaded Norway, the Dehns again had to go into hiding. With the help of colleagues, including Siegel and Hellinger, Dehn and his wife eventually crossed the German patrolled Norwegian-Swedish border and began their journey to the United States. U-boats in the Atlantic Ocean prevented any travel in that direction. They were forced to take the long road through Finland, the Soviet Union, and Japan, then across the Pacific to San Francisco. In his article [47] Siegel gives a personal account of these difficult times. There is also a nice article comparing and contrasting the TransSiberian escapes of Kurt Gödel and Max Dehn [8] .
Dehn's work in the United States started with a short term position at the University of Idaho, in Pocatello. The university had offered him a temporary position, allowing Dehn and his wife to immigrate to the US. However, because of the difficult financial times, they could not hire Dehn permanently. Because of the lack of funds for research facilities during the Depression and because of Dehn's rather late immigration, it was difficult for him to find a suitable position. Siegel suggests that, under financial strain, "prestigious universities thought it unbecoming to offer [Dehn] an ill-paying position, and found it best simply to ignore his presence." After a year and a half in Idaho, Dehn moved to Chicago for a position at the Illinois Institute of Technology. Siegel reports that Dehn "never could adjust to the turbulence of the big city." Dehn then turned his attention to liberal education. He taught for one year at St. John's College, in Annapolis, Maryland. Siegel suggests that Dehn caused friction with the administration when he criticized the curriculum and that Dehn was again looking for a new position.
In March of 1944, Dehn was invited to give two talks at Black Mountain College (BMC), in North Carolina. The next year he was offered a position. Dehn spent the last seven years of his life teaching at BMC. This small college, tucked away in the southern Appalachian mountains, was an experiment in John Dewey's philosophy of liberal education. Despite its remote location and small size, BMC had a profound influence on modern culture. Founded in 1933, BMC attracted faculty from the Bauhaus Art School in Germany, which had been closed by Hitler because of its Jewish influence. Other German exiled artists, composers, and writers followed. Soon American artists began visiting and teaching at BMC. BMC is now known for its significant influence on modern art. During the 24 year life of the college, several important artists, writers, musicians, and dancers taught or studied at Black Mountain College. The list includes: Ruth Asawa, Joseph and Anni Albers, John Cage, Merce Cunningham, Walter Gropius, Franz Kline, Willem de Kooning, Robert Motherwell, Charles Olson, Pat Passlof, Robert Rauschenberg, M. C. Richards, Dorothea Rockburne, Kenneth Snelson, and Jack Tworkov.
The college also had connections to important scientists. Albert Einstein and Carl Jung served on the advisory board. Two of Einstein's postdocs, Nathan Rosen and Peter Bergmann, spent the year after their work in Princeton teaching at BMC. Buckminster Fuller taught at BMC during two summer sessions. He built his first geodesic dome on the campus. Natasha Goldowski, one of the highest ranking women scientists on the Manhattan Project, taught at BMC for six years.
Although BMC seems an unlikely place to find a great mathematician, all accounts by his family and friends indicate that this was the perfect place for Dehn. At BMC, Dehn taught classes in mathematics, Greek, Latin, and ancient philosophy. He continued his socratic style of teaching. There are reports of his lectures being given while hiking to local waterfalls. Siegel states that the "thickly-wooded hills where one could find the rarest of wildflowers" helped to lift Dehn's spirits from the distress of the previous years.
Dehn continued to write throughout his career, producing several papers each decade. Dehn's later works include philosophic and historic papers. Wilhelm Magnus, one of Dehn's most distinguished students, provides a wonderful overview of Dehn's career and writings [35] . Magnus writes of what mathematics meant to Dehn, "It was something he felt responsible for, something that was important not only per se but also as a part of a greater whole which included the arts, philosophy, and history." While the 1910-1914 years stand out as his most prolific period, Dehn continued to prove significant theorems in topology and infinite group theory throughout his entire life. In his paper of 1938 [13] , Dehn found generating sets for the mapping class groups. Here he introduced the idea now known as the Dehn twist, which continues to play an important role in the study of mapping class groups today. This paper was written fairly late in his career, after his forced retirement by the Nazis. During the 1940's, among a few other papers, Dehn wrote five short historical papers that appeared in the American Mathematical Monthly [14] , [15] , [16] , [17] , and [18] .
In all, Dehn had nine Ph.D. students. Of Dehn's students, the most famous mathematicians are Eduard Ott-Heinrich Keller, Jacob Nielsen, Wilhelm Magnus, and Ruth Moufang. Keller did work in topology and algebraic geometry, Nielsen and Magnus continued Dehn's work on infinite groups, and Moufang did work in geometry. In his later years in the United States, Dehn continued to encourage a love for mathematics in his students. During his BMC years, Dehn visited the University of Wisconsin, Madison, where he supervised a Ph.D. student. Two of Dehn's undergraduate students at BMC went on to get Ph.D.'s in mathematics. Peter Nemenyi received his Ph.D. from Princeton University and went on to teach statistics. Another BMC student, Trueman MacHenry, is now an emeritus mathematics faculty at York University in Canada. MacHenry did most of his graduate work with Peter Hilton at the University of Manchester in England. After funding issues forced him to return to the states, MacHenry studied with Magnus (Dehn's former student) at the Courant Institute of Mathematical Sciences and eventually received his Ph.D. from Adelphi University, working with Donald Solitar. MacHenry is currently doing research in the area of algebraic combinatorics. In a recent letter to the author, MacHenry states that, "The roots of this work lie in lessons that I had with Dehn on symmetric polynomials at BMC." Another BMC student, Dorothea Rockburne, who is now a New York based artist, credits Dehn as her biggest artistic influence.
Max Dehn died in 1952 from an embolism at the age of 73. The stories say that he was working to mark trees to be protected from loggers on the BMC property when he fell ill. His ashes now lie under a thicket of rhododendron on the old BMC campus.
INFLUENCES.
During his lifetime and after, Dehn's work has continued to have a profound influence on mathematics. For example, Dehn's word problem has played an important role in modern logic. Recall that logic was thriving when Dehn wrote his 1911 paper. In fact, Bertrand Russell and Alfred Whitehead had recently published the first two volumes of Principia Mathematica. The goal of that work was to set forth an axiomatic system from which all of mathematics could be deduced. There was a sense in the mathematics community, at that time, that every mathematics problem could be solved, one must only work hard enough to find the solution.
However, in 1911, when Dehn published his paper containing the word problem, modern logicians had only an intuitive definition of an algorithm. A solution to Dehn's word problem required an algorithm. In the years that followed, logicians developed theories of computability and solvability. In particular, during the 1920's and 1930's Alan Turing, Alonzo Church, and Emil Post developed theoretical machines and functions that captured the intuitive idea of an algorithm. This work suggested that there could be a problem in mathematics that no algorithm can solve. In this context, a problem is considered to be an infinite set of statements. For example, for each natural number n, one could ask, is n prime? To solve the problem one must find an algorithm that takes as input n and answers yes or no depending on whether or not n is prime. If an unsolvable problem did exist, Dehn's word problem was a perfect candidate to consider. Shortly after Dehn's death, in 1955 and 1957, Peter Sergeevich Novikov and William Werner Boone independently proved that the word problem for finitely presented groups is an unsolvable problem, [39] and [2] . They had shown that there are finitely presented groups for which no algorithm can solve the word problem. Dehn's word problem for groups was the first "real" mathematics problem to be proven unsolvable.
Throughout the last century, mathematicians have continued to study infinite groups given by presentations. Work in this area was typically called combinatorial group theory (up until the 1980's). There are several good texts on this work, see [34] , [36] , and [48] . Although many other interesting questions emerged, over the years, Dehn's three problems have continued to play a central role. Although there are groups for which the word problem is unsolvable, the word problem and conjugacy problem can be solved for many specific classes of groups. In the 1960's, mathematicians including Martin Greendlinger, Roger Lyndon, and Paul Schupp generalized Dehn's original work with Dehn diagrams to provide a combinatorial approach for solving the word and conjugacy problems for a wider class of groups. This area of research is known as small cancellation theory, see [34] and [45] .
Knot theorists still use techniques Dehn developed in his original work with the trefoil knot. One important problem in knot theory has been to show that knot groups can be used to distinguish knots. A general result is in fact not possible. There are nonequivalent knots that have the same knot group. However, if one considers only prime knots, then the knot groups can be used to distinguish between knots. Similar to the way that the integers can be factored into prime numbers, knots can be "factored" into prime knots. A prime knot is a nontrivial knot that is not the sum of two nontrivial knots. (For details on prime knots and knot sums, see [1] .) In the 1960's and 1970's, research by Friedhelm Waldhausen, Klaus Johannson, and others began work to show that if two prime knots have complements with the same fundamental group, then their complements are homeomorphic, see [33] and [52] . This work was completed in 1985 with a paper entitled Dehn Surgery on Knots, by Marc Culler, Cameron Gordon, John Luecke, and Peter Shalen [7] . Four years later, in 1989, Gordon and Luecke showed that if two prime knots have homeomorphic complements, then the knots are equivalent [26] . Together these results showed that prime knots are determined by the fundamental group of their complements.
In many ways, Dehn's 1910 paper initiated the systematic study of 3-manifolds. While work in this area continued for decades, it was not until the 1960's and 1970's that 3-manifolds (or more generally low dimensional topology) again had the spotlight. William Thurston was a leader in this surge of research. From his graduation at the University of California at Berkeley, in 1972, until his untimely death in 2012, Thurston's writings have helped to organize and direct research on 3-manifolds, see for example [50] and [51] . Thurston's geometrization conjecture is the classification that Dehn sought. This conjecture classifies 3-manifolds. In 1983, Thurston received the Fields Medal in Mathematics for his work in this area. Dehn's initial steps towards this classification were finally fully realized in 2003 when the proof of Thurston's geometrization conjecture was emailed to the mathematics community by Grigori Perelman. By proving Thurston's conjecture, Perelman had also shown that the Poincaré conjecture is true. As Poincaré had suspected one hundred years earlier, if a 3-manifold has a trivial fundamental group then it is homeomorphic to a 3-sphere.
Though he moves far beyond Dehn's humble beginnings, Thurston's research in 3-manifolds directly builds on and uses ideas from Dehn. Thurston's style even resembled that of Dehn in his ability to use simple combinatorial diagrams to make difficult mathematics seem intuitively obvious. Other topologists have also been motivated by Dehn's work. James Cannon's research in the early 1980's on 3-manifold theory was motivated by the early papers of Poincaré and Dehn [4] . Dehn's studies on mapping class groups and the Dehn twist are also still relevant in topology today.
In the late 1980's and 1990's, motivated by research on 3-manifolds, a number of topologists and geometers again brought their attention to infinite groups given by presentations. This new work on infinite groups is now called geometric group theory. A main goal in Dehn's 1911 paper had been to use geometry, in particular hyperbolic geometry, to study infinite groups. This new research is in many ways the realization of Dehn's dream. The geometer Mikhail Gromov has led the way. Gromov's theory of hyperbolic groups can be seen as a grand extrapolation on Dehn's work with surface groups. In fact, in his paper of 1987, On Hyperbolic Groups [28] , Gromov proves that his hyperbolic groups are exactly the groups which have a presentation that has a Dehn algorithm for solving the word problem. Gromov's theory takes full advantage of Dehn's word metric on the Cayley graph. Gromov used his extensive knowledge of hyperbolic geometry to find global geometric properties of triangles in the Cayley graph that generalize Dehn's algorithm for surface groups. Gromov uses the idea of "area" that Dehn's work had suggested. Vaguely speaking, Gromov is able to show that area, in groups given by his definition, is linear with respect to boundary length. This is how area works in hyperbolic geometry. In Euclidean geometry, area is quadratic with respect to boundary length. Just as Dehn's papers provided a grand program and avenues for future research in his time, Gromov's work is doing the same now.
While Gromov was developing his ideas, another group of topologists, including James Cannon, David Epstein, and William Thurston, were working with a new class of infinite groups they called automatic groups, see [23] . Automatic groups are essentially the groups with a presentation for which there is a finite set of simple algorithms (specifically, finite state automata) that can build any finite size piece of the group's Cayley graph. These groups capture the algorithmic nature so prominent in Dehn's papers. From the definition, it can easily be shown that automatic groups have a solvable word problem. What is interesting and surprisingly beautiful is that this algorithmic definition also leads to nice global geometric structure in the Cayley graph for the group. For more information on geometric group theory, also see [3] , [6] , or [25] .
It has now been over one hundred years since Max Dehn launched his programs for studying 3-manifolds and infinite groups. Dehn's ideas have laid the foundations for research in these areas ever since. In particular, Dehn's 1910 and 1911 papers are still relevant and important today. These papers have played a role in research decade after decade. Hopefully this article has encouraged you, the reader, to search out and read more about Dehn. For more information on Dehn's life, besides the articles mentioned above, see [49] and [53] . For more about Dehn's time at Black Mountain College, see [46] . For more details on the mathematics of early work in topology and infinite group theory the following are recommended [5] and [48] .
